CARTAN DECOMPOSITION OF THE MOMENT MAP 



PETER HEINZNER AND GERALD W. SCHWARZ 

Abstract. We investigate a class of actions of real Lie groups on complex spaces. Using moment 
map techniques we establish the existence of a quotient and a version of Luna's slice theorem as well 
as a version of the Hilbert-Mumford criterion. A global slice theorem is proved for proper actions. 
We give new proofs of results of Mostow on decompositions of groups and homogeneous spaces. 



1. Introduction 

Let Z be a complex space with a holomorphic action of the complex reductive group U c , where 
U c is the complexification of the compact Lie group U. We assume that Z admits a smooth U- 
invariant Kahler structure and a [7-equivariant moment mapping /i: Z — > u*, where u is the Lie 
algebra of U and u* its dual. We assume that G C U c is a closed subgroup such that the Cartan 
decomposition U c = U exp(iu) ~ U x iu induces a Cartan decomposition G = K expp ~Kxp 
where K = U D G and p C iu is an (Ad instable linear subspace. We have the subspace ip C u 
and by restriction an induced "moment" mapping /i ip : Z — > (ip)*. We define M.i P to be the set 
of zeroes of fj, ip , and we define M. to be the set of zeroes of \i. For a given \i we have the set 
S v c(M.) := {z G Z; U c ■ z fl M. ^ 0} of semistable points with respect to /i and the [7 c -action on 
Z. We call Sc(M-ip) '■— {z G Z; G ■ z n Aii V ^ 0} the set of semistable points of Z with respect to 
yUjp and the G-action on Z. 

The set M. plays an important role in determining the closed f/ € -orbits in Suc(M) and its 
quotient under the [7 c -action (see Theorems 110. II and 110. 61 below). We show that A4i V is the right 
analogue of Ai for the action of G, as follows. 

Theorem 1.1. Let Z, G, Aii P , M. be as above and set Z' := Sa{M-ip)- 

(1) (a) ( Corollary \14-16j) An orbit G ■ z is closed in Z' if and only if G ■ z fl Aiip ^ 0. 

(b) (Theorem US. 5j) There is a quotient space Z'//G which parametrizes the closed G-orbits 
in Z' . The inclusion — > Z' induces a homeomorphism A4i V /K ~ Z'//G. 

(c) ( Corollary Let z G Z' . Then G ■ z fl Z' contains a unique orbit of minimal 
dimension and this orbit is closed in Z' . 

(2) (Lemma \5.5)) Let z G -Mj P . Then G ■ zC\A4i V = K-z andG z = K z -exp(p z ) wherep z denotes 
the elements of p such that the corresponding vector field on Z vanishes at z. 

(3) (Theorem \14-2c\ Remark \l4-24\) Let z G A4i V . Then there is a locally closed real analytic 



G z -stable subset S of Z, z G S, such that the natural map G x Gz S — » Z is a real analytic 
G-isomorphism onto the open set G ■ S. Moreover, if Z' is open, then S can be chosen such 
that G ■ S is saturated with respect to the quotient map Z' — > Z'//G. 
(4) IfZ = S UC (M), then 

(a) (Proposition\nJS) Z = S G (M ip ). 
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(b) (Corollary \1 5. 7\ ) Let z G Z and suppose that Y C G ■ z is closed and G-stable. Then 
there is a Lie group homomorphism A: R — > G such that lim^_ 00 X(t) ■ z exists and is 
a point in Y . The image of X consists of semisimple elements of G. 

Note that (lb) implies that Z'//G is metrizable and locally compact. If Z' is open, then from (3) 
one can deduce that Z'//G is locally homeomorphic to semianalytic sets ( Corollary 114.2 lj) . 

If Z is a Stein space then it admits a smooth strictly plurisubharmonic [/-invariant exhaustion 
function p. Associated with p is a [/-invariant Kahler structure and a moment mapping p. Then Ai 
is the Kempf-Ness set (see |KeNe78| ISc88j ). Moreover, for any such p, the equality Z = Suc(J\4) 
holds automatically. Another interesting example of equality is the case where Z is the set of 
semistable points (in the sense of geometric invariant theory) relative to a U c - linearized ample line 
bundle of a projective variety Z$. In this case there also exists a [/-invariant Kahler structure on 
Z and a p such that Z = Suc(M). Moreover, Z' Q := Sci-Mip) is then a G-stable open subset of Z 
which is not usually [/ c -stable fRemark ll4.22j) . 

Of course, there is much earlier work on quotients and slice theorems for actions of complex 
reductive groups, and there is also earlier work for actions of real groups. In particular, in the 
latter case, there are the papers of Richardson-Slodowy |RiS190j and Luna |Lu75j . Here one has 
a complex representation space V of U c and real forms VJr of V and G of U c . One considers the 
action of G on Vr. Here Vr is a Lagrangian subspace of V. In the case where G is a real form 
of U c and Z is a Kahler manifold there are also results about the structure of the G-action on 
Lagrangian submanifolds X of Z using moment map techniques (see, e.g., [O'SSjOOj and references 
therein). These cases are rather special. The /Zjp-component of p on X is completely determined 
by p. One establishes results concerning A4 and the [/ c -action on Z and then restricts to X. This 
works because X fl M. = X n A4i V and because the map p^. Z — > 6* obtained by restricting p to 6 
is constant on X. 

The results presented here are much more general: the group actions are not necessarily algebraic, 
the group G is not necessarily a real form of U c and we consider the action on Z, not just on a 
real form of Z. 

Besides the results mentioned above, we also consider several topics pertaining to proper actions 
and compact isotropy groups. In particular we show the following. 

Theorem 1.2. ( Proposition \8. 11 Remark Assume that Z = Suc(M). Let X be a G-stable 
closed subset of Z such that the G-action on X is proper. Then the natural map G x K (Ai ip r\X) — > 
X is a homeomorphism and a real analytic isomorphism if X and pi V are real analytic. 

We have a similar decomposition for the subset Comp ip (Z) of points z G Z such that G z is 
compact (Theorem I6.6|) . The results on proper actions are applied to obtain decompositions, 
due to Mostow, for groups and homogeneous spaces. The application relies on properties of a 
distinguished strictly plurisubharmonic exhaustion of U c related to the Cartan decomposition. See 
section 

Several of our results rely upon the notion of /i ip -adapted sets. A /i ip -adapted subset of Z is 
a i^-invariant subset A of Z such that for all z G Z and £ G ip, the curve (expit£) • z lies 
in A for a connected set J of t G KL Moreover, we require that if t + := sup J < oo, then 
Pip(exp(it + C,) ■ z)(i£) > and a similar negativity condition if t_ := inf J > — oo. We are able to 
show that every .fT-orbit in A4 ip has a neighborhood basis of open /x ip -adapted sets in the case that 
Z = Sjjc(M.) fTheorem ll3.7|) . The /i ip -adapted sets have very nice properties. For example, if A 1 
and Ao adapted, then G ■ A x n G ■ A 2 = G ■ (A 1 n A 2 ). 
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In case U is commutative, we can prove Theorem 1 1 3 ■ 71 without the hypothesis Z = Suc(Ai). This 
allows us to establish the "separation property" 111.131 which is used in the proof of most of the 
statements in Theorem ll.il In addition, if U is commutative, then Sa{M-ip) is open and £/ c -stable 
in Z. In general Sc{M-ip) is not f/ c -stable. It would be interesting to know if Sc(M.ip) is always 
open in Z. Examples indicate that it should be extremely interesting to clarify the interplay of the 
various geometric objects associated with p, p ip and p^. 

The authors thank Henrik Stotzel for helpful discussions and remarks. The second author is 
thankful for the hospitality of the Mathematics Department of the Ruhr Universitat Bochum where 
much of this research took place. 

2. G- FIBER BUNDLES AND SLICES 

Let H be a closed subgroup of the Lie group G and S an if-space. The twisted product G x H S is 
the quotient (Gx S)/H with respect to the if -action (h, (g, x)) h- > (ghr 1 , h- x). Since the G-action 
on G x S given by multiplication from the left on the first factor commutes with the if-action there 
is an induced G-action on G x H S. We use the notation [g,x] for H ■ (g,x) G G x H S. Note that 
G x H S is a G-fiber bundle over G/H with fiber S associated to the if -principal bundle G — > G/H. 
Let X be a G-space and H a closed subgroup of G. An i?-stable subspace S of X is said to be 
a global H -slice if the natural map G x H S X, [g, z] i— > g ■ z is an isomorphism. If x G S, S is 
G x -stable, G ■ S is open in X and G x Ga: S 1 — > G ■ S is an isomorphism, then 5 is called a geometric 
slice at x. 

3. Kahler structures 

In this paper a complex space Z is always a reduced complex space with countable topology. If G 
is a Lie group, then a complex G-space Z is a complex space with a real analytic action G x Z ^ Z 
which for fixed g G G is holomorphic. For a complex Lie group G a holomorphic G-space is a 
complex G-space Z such that the G-action G x Z — » Z is holomorphic. 

A Kahler structure u; on Z is an open covering {U a } of Z together with smooth strictly plurisub- 
harmonic functions p a : C/ a — > K such that /i aj g = p a — p/3 is pluriharmonic on UaClUp. Here strictly 
plurisubharmonic means strictly plurisubharmonic with respect to perturbations (see [He HuLo94j ) 
and a pluriharmonic function is, as usual, a function which is locally the real part of a holomorphic 
function. Note that for smooth Z one obtains the usual definition of a Kahler manifold whose 
Kahler form is given locally by u a = —dd c p a = 2iddp a . Here d and d are the usual exterior differ- 
ential operators and d c p(v) = dp(Jv) for every v G T Z Z and smooth function p, where J denotes 
multiplication by % = a/— 1 on the tangent space T Z Z. For smooth Z we will not distinguish between 
uj = {p a } as defined above and the associated Kahler form ui given by uj\U a := —dd c p a . 

For a complex G-space Z one has a natural notion of a G-invariant Kahler structure uj. A 
moment map on a complex G-space Z with respect to such an invariant Kahler structure is a 
smooth G-equivariant map p: Z — > g* such that, for every G-stable complex submanifold Y of Z 
and £ G g, we have 

Here ujy denotes the Kahler form induced on Y and £z denotes the vector field on Z induced by £ 
and the G-action. The map /jfi: Z — > C sends z G Z to and denotes contraction with 

£z. Our condition on dfjfi is equivalent to requiring that grad(//) = J^z where the gradient is with 
respect to the underlying Riemannian structure on Y . 
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Let G be a complex reductive group, let Z be a holomorphic G-space and let Oz denote the 
structure sheaf of Z. A complex space Y together with a holomorphic map ix: Z —>■ Y is said to 
be an analytic Hilbert quotient of Z with respect to the G-action if 

• 7i is a G-invariant locally Stein map and 

Here locally Stein means that there is an open covering of Y by open Stein subspaces Q a such that 
t^~ x {Qo) is a Stein subspace of Z for all a, and n^O^ denotes the sheaf Q — > 0z(7r~ 1 (<5)) G ', Q open 
in Y. If the analytic Hilbert quotient of Z with respect to G exists it will be denoted by Z//G. If 
if is a reductive algebraic subgroup of G and Z//G exists, then Z//H exists (see, e.g., [HeMiPo98j). 
Assume now that the analytic Hilbert quotient Zjj G exists. Then it has the following properties. 

• For every Stein subspace A of Z//G the inverse image n~ 1 (A) is a Stein subspace of Z. 

• For every closed analytic G-invariant subspace X of Z the image tv(X) is a closed analytic 
subspace of Z//G and the restriction ir\X: X — > tt(X) is an analytic Hilbert quotient of X. 

• The quotient map n maps disjoint closed G-stable subsets of Z onto disjoint closed subsets 
of Z//G. 

If Z is a Stein space, then the analytic Hilbert quotient exists and has the properties above (see 
Hc91.). See [ReMiPo98] for the general case. 

4. The Cartan decomposition 

Let U be a compact Lie group. Then U has a natural real linear algebraic group structure, 
and we denote by U c the corresponding complex linear algebraic group [Ch46j. The group U c is 
reductive and is the universal complexification of U in the sense of |Ho65j . On the Lie algebra level 
we have the Cartan decomposition 

u c = u + iu 

with a corresponding Cartan involution 9 : u c — > u c , £ + irj h- > £ — irj, £, r\ e u. We also use 9 to 
denote the corresponding anti-holomorphic involution on U c . The real analytic map 

U x iu — > t/ c , (m, £) i — > m exp £ 

is a diffeomorphism. Since 5'i(Mexp£)(7 2 _1 = giug^ 1 exp(Ad((7 2 ) • for (gi,g2) E U x U, £ E u and 
w G Z7, the isomorphism Z7 x iu = f/ c is a C/ x [7-equivariant diffeomorphism. We refer to the 
decomposition U c = U exp(iu) as the Cartan decomposition ofU c , and we fix it for the remainder 
of this paper. 

Let G be a real Lie subgroup of U c . We say that G is compatible with the Cartan decomposition 
of U c if G = if exp p where if is a Lie subgroup of U and p is a if -stable linear subspace of iu. 
Note that 

ifxp^G, (/;,£) -»*expf 

is a (if x if )-equivariant diffeomorphism. The closure G of G in U c is given by ^expp. In 
particular, G is a closed subgroup of U c if and only if if is compact. For a closed subgroup G the 
complexification if c of if is a closed complex subgroup of U c and 

Kxit^K c , (Jfe,f) -> Aiexpf 

is a (if x if )-equivariant diffeomorphism. 
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Example 4.1. a) For any compact subgroup K of U, both K and its complexification G = K c 
are compatible with the Cartan decomposition of U c . In particular, G = U c is an example 
of a compatible subgroup. 

b) For any £ G iu, the group G = exp(R£) is compatible. More generally, if a C iu is a Lie 
subalgebra of u c , then it is commutative and G = exp(ia + a) is a compatible subgroup of 
U c . Note that K = exp(ia) need not be compact. 

c) Let a be an antiholomorphic involution of U c which commutes with 9. Let G be a ^-stable 
open subgroup of (U c ) a . Then G is a compatible real form of U c and u = t © ip. 

Remark 4.2. Let G be a compatible subgroup of U c . Then the smallest complex subgroup of U c 
which contains G is compatible and ^-stable, hence is a reductive algebraic subgroup of U c . 

5. Moment map decomposition 

Let Z be a holomorphic f/ c -space and G = Kexpp a compatible subgroup of U c . We assume 
that Z is Kahler with ^/-invariant Kahler structure uj and that there is a ?7-equivariant moment 
mapping ji: Z — > u*. For any linear subspace m of u the inclusion gives by restriction a map 
fi m : Z — > m*. Thus we have an equivariant moment mapping Z — > fi* with respect to the 
fT- action and a i^-equivariant mapping Z — > (ip)* which we denote by /ij P . 

For /3eu* let M{(3) denote and set M := A^(0). If /3 G (ip)* then we set M ip {(3) : = 

fx~ l (/3), Mi P = M ip (0) and similarly for the t component of /i. Then M ip and M( are if- stable 
and .A4 is [/-stable. When necessary for clarity, we will also use the notation Ai(Z), Ai ip (Z), etc. 
If u = t + ip, then Ai = Aii P fl M.^. Since the [/ c -action is holomorphic, for every £ G u c the 
one-parameter group (t, z) \— > (expit£) -2, t G R, 2 G Z, has derivative the vector field = (i£)z- 
For a linear subspace m of u c and z G Z we set m • z := {£z(z); £ G m} C T Z Z and m z will 
denote {£ G m; £z(z) =0}. If z G Z is a smooth point, then, in T^Z, we use ~ Lw to denote 
perpendicularity with respect to uj and we use - 1 to denote perpendicularity with respect to the 
underlying Riemannian structure. If M C £/ c , then we set M ■ z := {m ■ z; m G M}. 

Lemma 5.1. Let z E Z be a smooth point. Then 

(1) ker dfXjp(z) = (p • z) 1 - = (ip • z) ±w and 

(2) ( -z) ± = (e-^nkerd^). 

Proof. This follows from the basic equation dfj£ = i^ z u) and from the fact that ou(J-, ■) is the 
Riemannian metric on T Z Z. □ 

Lemma 5.2. Let z G Z be a smooth point and assume that z G 7W ip . Then 

(1) g-2 = t- 2:©p-2: where t-^lp-z. 

(2) If G is a real form of U c , then diniR u • z < dim^ g ■ z. 

Proof. Since z G 7Wj P and // ip is if-equivariant, we have t • z C ker d/i ip (z) and therefore t-2 1 
giving (1). If G is a real form of U c , then u • z — t ■ z + (ip) ■ z. Now (ip) • z = J(p ■ z) and p • z 
have the same dimension, so (2) follows from (1). □ 

Example 5.3. Let G be a real form of U c . Assume that Z is compact and [/-homogeneous, e.g., Z 
is a flag manifold of U c . If z G -A4j P , then dimR Z = diniR u • z < diniR g ■ z, hence G ■ z is open in 
Z. 

Lemma 5.4. For z G Z and ^ E p we have /i ip (exp£ • z) = (J>i P (z) if and only if £ G p 2 . In 
particular, exp p • z fl M. ip ((5) = {z} for all z G A4 ip (P). 
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Proof. Assume that /ij P (exp £-z) = (J>ip(z). Set Y = U c -z and let ujy denote the Kahler form induced 
on Y . Let a(t) = (exp and = Then /3(0) = and /?'(*) = dj/*(&y)(a(t)) = 

uy(J£zi Cz)(oc(t)) > since ujy{J-, •) is the underlying Riemannian metric of the Kahler metric on 
Y. We must have P'(0) = which implies that £z{z) = 0. So £ G p 2 and (exp£) • z — z. □ 

Lemma 5.5. Let z G M.i P . Then 

(1) G-znM p = AT-*. 

(2) G z = K z expp 2 ~ K z x p 2 . 

In particular, G z is compatible with the Cartan decomposition ofU c . 

Proof. Let g = A;exp£ G G where k E K and ^ G p, and suppose that gz G -M ip . Then exp^) • 

z) = yUj P ((exp^) • 2) = Hi P (z) = 0. Applying Lemma E3 we obtain (1). For (2) just notice that 
(/cexp£) ■ z = z implies that £ G p 2 by the argument above, so that (/cexp£) ■ z = kz = z, and 
fc G iC 2 . So G z = K z exp p z . □ 

Remark 5.6. Applying Lemma [5.51 in the case G = U c and 2; G A4 we obtain: 

(1) U c ■ zf]M = U ■ z. 

(2) (t/ c ) 2 = f/.expK) ~ U z x zu 2 . 

6. Compact isotropy groups 

Let G be a compatible Lie subgroup of £7 C . Let Z be a holomorphic f/ c -space with [/-invariant 
Kahler form uj and [/-equivariant moment mapping /x : Z — > u* . 

Proposition 6.1. Lei z G Z fc a smooth point. If G z is compact, then p z = {0}. Moreover, the 
following are equivalent. 

(1) P, = {0}. 

(2) dfj,i P (z) maps p • z isomorphically onto (ip)*. 

(3) dfiip(z) is surjective, i.e., Hi P is a submersion at z. 

Proof. The Cartan decomposition of G implies that expp 2 is compact if and only if p z = {0}. Thus 
compactness of G z implies that p 2 = {0}. Since Ker dfi iv (z) = (p ■ z) L , we see that p ■ z is mapped 
isomorphically onto ip* if and only if p 2 = {0} if and only if dni P (z) is surjective. □ 

Remark 6.2. Since U c is a Stein manifold, the isotropy group (U c ) z is compact if and only if it is 
finite. If {U c ) z is finite then d/j,(z) maps iu ■ z isomorphically onto u*. The converse is false. Just 
consider the standard actions of SU(2,C) C SL(2,C) on C 2 . Then the standard moment mapping 
has surjective differential on C 2 \ {0}, while SL(2,C) has one dimensional isotropy groups. 

Corollary 6.3. Let G be closed in U c and Z smooth. Then the set of z G Aii P such that G z is 
compact is open in A4i P . 

Proof. For z G M.i P the isotropy group G z is compact if and only if p 2 = {0} ( Lemma 15. 5|) . Since 
Z is smooth, the set of z G Z such that /ij P has maximal rank at z is open. Now the claim follows 
from Proposition 16.11 □ 

Corollary 6.4. Let X be a (real) smooth G-stable submanifold of Z and assume that G x is compact 
for all x G X. Then M ip (f3) (1 X is smooth for every (3 G (ip)* . If x G M ip (f3) H X, then 
T x (M.i P (f3) fl X) = Ker d((Aip\x)x — (p • x)- 1 , the perpendicular being taken in the tangent space 
T X (X). 
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Proof. Proposition 16. II applied to U c ■ x for x G X shows that d(pi P \x)x maps p • x isomorphically 
onto (ip)*. Hence M ip (f3) n X is smooth and T^A^/?) fll) = Ker d(p ip \ x ) x = (p • a^)" 1 - □ 

Remark 6.5. Assume that Z is smooth and that the [/ c -action on Z has compact (hence finite) 
isotropy groups. Then Corollary 16.41 savs that M(/3) is a smooth submanifold of Z with tangent 
space T Z (M{(3)) = Ker dp z = (iu ■ z) 1 at z G A<(/3). 

Let G be closed in U c and let Z be smooth. Let Z r G denote {z G Z; pi P is a submersion at z}. 
The set Z T G is i^-stable and open in Z ( Proposition 16. Let Comp ip (Z) := {z G Z; G • zfl A4 ip fl 
Z£. 7^ 0}. We have the following slice theorem. 

Theorem 6.6. (1) The set Comp ip (Z) is G-stable and for every z G Compj p (Z) the isotropy 
group G z is compact. In particular, Comp ip (Z) C Z r G . 
(2) Let S := A4i P fl Z r G . Then S is a smooth closed K -submanifold of Z r G , G ■ S = Comp ip (Z) is 
open in Z and the natural map G x K S — > Compj p (Z) is an isomorphism of G -manifolds. 

Proof. The set S = Z r G fl M.i P = (/ijp|Zg.) _1 (0) is a closed submanifold of Z T G . The natural map 
$ : Gx A S^Z, [g, s) \— ► g ■ s, has image Comp ip (Z). We first show that $ is injective. Let gj G G 
and Sj G S be such that gi ■ s 1 = g 2 ■ s 2 and set g := g 2 gi- Then g = fcexp£ for some k E K and 
£ G p and s 2 = g • S\. This implies that exp£ • si = k' 1 ■ s 2 G A^j P and therefore that exp £• = Si. 
But G Sl = lf si and p Sl = {0} by assumption (see Lemma IB3j) . Consequently, £ = and g = k. 
Hence [gx, si] = [g 2 k, si] = \g%, s 2 ]. This shows injectivity of $. 

In order to show that $ is an open embedding it is sufficient to prove that $ is a submersion. But 
for any s G S the tangent space T[ e ^](G x K S) is mapped onto q- s + (p • s) 1 - = p ■ s+ (p • s) 1 - = T S (Z). 
Hence $ is a submersion at any point [e,s\. Since $ is G-equivariant it is a submersion at any 
point of G x K S. Thus $ is an isomorphism onto Compj p (Z). □ 

Remark 6.7. If Sq is a different iable slice at sq G S for the i^-action on S, then K ■ Sq is a slice for 
the G-action on Z at So, i.e., G ■ So is open in Z and G x s o So — > G ■ So is a diffeomorphism. 

Remark 6.8. The G-action on Comp ip (Z) is proper. 

7. Invariant plurisubharmonic functions 

Let Z be a holomorphic [/ c -space. Assume that we are given a smooth [/-invariant strictly 
plurisubharmonic function p on Z. Set fj£(z) = 4| t=0 p((expz££) • z), z G Z, £ G u. Note that 
ujy = —dd c (p\Y) is a [/-invariant Kahler form on every smooth complex [/-submanifold Y of Z. 

Lemma 7.1. Le£ p and /i be as above. Then uo = {p} defines a U -invariant Kahler structure on Z 
and p is a moment mapping. 

Proof. Let £ G u and let Y be a complex [/-submanifold of Z. Then, since p is [/-invariant and 
since U acts as complex analytic isomorphisms of Z, we have that L^ z d c (p\Y) = where L^ z 
denotes Lie derivative with respect to By Cartan's formula, L^ z = d o + i^ z o d, hence 
dpfi = di^ z (d c (p\Y)) = —i^ z dd c (p\Y) = «^wy. □ 

In the situation of Lemma I7~T1 we will say that the moment map is defined by or associated with 

P- 

Remark 7.2. Let G = Kexpp C U c be compatible, let p be associated to p and let z G Z. Since 
p(K ■ z) = p(z), dp(z)(t ■ z) — and M. ip = {z G Z; p\G ■ z has a critical point at z}. 
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Let X be a topological space. A function /: X — > R is said to be an exhaustion, if for every 
r G R the set {x G X; f(x) < r} is compact. 

Example 7.3. Let Z be a representation space of f/ c . Let p(z) = \\z\\ 2 where || ■ || is the U- 
invariant norm on Z coming from a [/-invariant hermitian inner product. Then p is a [/-invariant 
strictly plurisubharmonic exhaustion of Z. Every fiber of the quotient tc: Z — ► Z//U c intersects 
M. in a single [/-orbit Z7 • 2, where f/ c • z is closed. Moreover, the inclusion M. — > Z induces a 
homeomorphism M/K ~ Z//£/ c . See |KeNe78| and |Sc88]. 

Example 7.4. Let Z7 = SU(2, C) with its action on the complex binary forms Z of degree 3. Then 
U c = SL(2, C). Let p(z) = \\z\\ 2 as above. The open set of orbits with finite U c isotropy group 
consists of the closed f/ c -orbits with isotropy group isomorphic to Z/3Z and a non-closed orbit 
U c ■ Zq where (U ) ZQ = {e}. However, U c ■ z does not intersect A4, so that Comp ip (Z) is the open 
set of closed orbits with (Z/3Z)-isotropy. This is unavoidable since the t/ c -action on Comp ip (Z) is 
proper. If the action were proper on the whole open set of orbits with finite isotropy, then the slice 
theorem for proper actions (see |Pa73j ) would show that there is an open set of orbits with trivial 
isotropy, which is not the case. 

Proposition 7.5. Let G C U c be a compatible subgroup and let p be a smooth U -invariant strictly 
plurisubharmonic function on Z . Let z G Z and suppose that 

(1) p\G ■ z is an exhaustion, i.e., the map p: G/G z — > R, gG z 1— > p(g ■ z), is an exhaustion. 
Then 

(2) p\G ■ z has a minimum value. 

(3) p\G ■ z has a critical point. 

(4) G ■ z n M ip ^ 0. 

(5) G ■ z is closed. 

Proof. Clearly we have that (1) implies (2) implies (3) implies (4). Let (g n ■ z) be a sequence in 
G ■ z such that limg n • z = z' G Z. Since {g ■ z G G ■ z; p(g ■ z) < p(z') + 1} is compact, passing to 
a subsequence, we may assume that limg n • z = go ■ z for some g$ G G. Then g ■ z — z' G G • z and 
we have (5). □ 

Remark 7.6. We will show later that (3) or, equivalently, (4) imply that p\G ■ z is an exhaustion. 
Thus (1) through (4) are equivalent, and they all imply (5). Of course, if p is an exhaustion, then 
(5) implies (1). All this was first observed by Azad and Loeb using results of Mostow. We will 
obtain Mostow's results from general moment map properties and will then repeat the argument 
of Azad and Loeb fLemma 19. 6J) . 

Remark 7.7. From Lemma (5.51 we see that the intersection in (4) is a single ii'-orbit consisting of 
the points where p takes on its minimal value. 

Remark 7.8. A smooth strictly plurisubharmonic [/-invariant exhaustion function on Z exists if 
and only if Z is a Stein space. 

Example 7.9. Let q be a real semisimple Lie algebra and G the corresponding adjoint group. Let 
C = Q <8> C be the complexification of g with corresponding adjoint group G c . Then G c has a 
Cartan involution 6 defining a maximal compact subgroup U of G c , and G is a real form of G c 
with compatible Cartan decomposition G = Kexpp. Let k denote the Killing form on q and 
set p(z) = —k(z,9(z)) for z G Z := g c . The function p is a [/-invariant strictly plurisubharmonic 
exhaustion function on Z. Let p denote the associated moment mapping. A simple calculation 
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shows that M. = {z G Z; [z, 9(z)] = 0}. Moreover, we have gdM. = gHAii V since g is a Lagrangian 
subspace of g c with respect to u = —dd c p. In particular, as is well-known, the orbit G ■ x in g is 
closed if and only if G c ■ x is closed in g c , and the latter is the case if and only if x is semisimple. 

For x G g we can write x = xt + x p where Xf G 6 and x p G p. We have M.i P fl g = {x = 
x% + x p ; [xi,Xp] = 0}. Now consider the set A := {x G g; G x is compact }. Using the Jordan 
decomposition for x G Ai ip nX C g C g c one sees that compactness of G x forces x to be semisimple. 
Then [xt,x p ] = implies that x p G g x , hence x p = and x G 6. This shows that X = G ■ S with 
S := Xflt. Applying Theorem 16.61 we see that X is open in g, that the natural map G x K S ^ X 
is a real analytic isomorphism and hence that G acts properly on X. 

8. Proper actions 

As in §6, we consider proper G-actions. However, we do not assume that the holomorphic U c - 
space under consideration is smooth, but we do assume that the moment mapping is associated to 
a strictly plurisubharmonic exhaustion. 

Let Z be a holomorphic £/ c -space with a [/-invariant Kahler structure and moment map p : Z — > 
u*. Let G = K expp be a compatible Lie subgroup of U c . 

Proposition 8.1. Assume that p is associated with a strictly plurisubharmonic U -invariant ex- 
haustion and let X be a G-stable closed subset of Z . If G x X — > X is a proper action, then the 
canonical map $: G x K (Ai ip (lX) — > X, [g,x] h- > g-x, is a homeomorphism. If X is a real analytic 
submanifold and fi is real analytic, then $ is a real analytic isomorphism. 

Proof. Let i6l. Then G-x is closed, and by Proposition 17. 51 and Lemma 1531 G-xd M.i P = K -xq 
for some xq G M.i P . Thus G x K (Aii P fl X) —>■ X is a bijection. In order to prove that $ is a 
homeomorphism it is sufficient to show that G x (Aii P fl X) — > X, (g, x) i— > g • x is a proper map. 
Let (g a , x a ) GGx (A4 j P fl A) be a sequence such that g a ■ x a — > y £ A. Since p(g • x) > p(x) for 
x G A^jp and g G G, we have p(x Q ) < p(g Q ■ x a ) < r for some r > p(yo). Since p is an exhaustion, 
passing to a subsequence, we may assume that x a — » x . Since the G-action is proper, passing 
to a subsequence, we may assume that g a — > g - Then yo = go ■ x and $ is proper, hence a 
homeomorphism. 

If A is a manifold and p is real analytic, then M.i P fl A is smooth and $ has maximal rank 
fProposition l6.1|) . Hence $ is an isomorphism of manifolds. □ 

See Example 17.91 for the case of G acting on the points in its Lie algebra with compact isotropy 
group. 

Corollary 8.2. If G acts properly on Z, then G x K Ai ip — ► Z is a G-equivariant homeomorphism 
which is smooth for smooth Z . 

Assume now that G is a linear semisimple real algebraic group. This implies that G is compatible 
with the Cartan decomposition of G c = U c = U ■ exp iu where U is a maximal compact subgroup of 
G c . Under this assumption we can establish the real analytic version of a theorem of Abels |Ab75j . 
|HeHuKu93j . 

Theorem 8.3. Let X be a real analytic manifold with a proper real analytic G-action where G 
is as above. Then there is a closed K -stable real analytic submanifold S of X such that the map 
G x K S — >• A is a G-equivariant real analytic isomorphism. 

Proof. By |He93j there is a Stein G c -manifold Z and a closed G-equivariant embedding % : A — ► Z . 
Now choose a [/-invariant strictly plurisubharmonic real analytic exhaustion p : Z — > R. Then we 
can apply Proposition 18.11 □ 
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Remark 8.4. Let G be an arbitrary closed subgroup of a semisimple Lie group G where G has 
finitely many components and maps injectively into its universal complexification. Assume that G 
acts properly and real analytically on the real analytic manifold A. The map x i— > [e, x] realizes A 
as a G-stable closed subspace of X := G x G X. Since the G-action on X is proper we can apply 
Theorem 18.31 to obtain a G-equivariant real analytic map q: X — > G/K where K is a maximal 
compact subgroup of G. Finding a global slice for the G-action on X reduces to finding a global 
slice for the G-action on G/K. 

9. Decompositions of homogeneous spaces 

In this section we consider proper actions on U c . We obtain Mostow decompositions of homo- 
geneous spaces of real reductive groups (see |Mos55a| IMos55bj ) . 

In the following we will identify U c with U X iu as a (U x {7)-space (see Section 0J. Let B be 
an (Ad £7)-invariant inner product on u. Define p: U c — > R by p(u exp(ir])) = ^B(r),r]) for u G U, 
i] G u. Then p is (Z7 x [/) -invariant, and it is a strictly plurisubharmonic function on U c (see 
!AzLo921 or |HeHu04j ). 

Lemma 9.1. Let p be as above. Then 

(1) p is an exhaustion ofU € . 

(2) Let p: U c —>■ u* be defined using p and the right action of U on U' 
B(£, rj) for u G U , £, rj G u. 

Proof. For (1) it is enough to show that B restricted to u is an exhaustion, which is obvious. The 
proof of part (2) is slightly more complicated. Let £, rj G u and u G U. Then 

d d 
pt( U exp(ir})) = — \ t=0 p(uexp(irj) exp(-itf)) = — \ t=0 p(exp(ir]) exp(-itf)) = (expiry)). 
at dt 

Write u = Uo © Ui © • • • © u r where each Uj is irreducible and the decomposition is orthogonal with 

respect to B. We have [%, u*,] = for j ^ k. Write £ = where £j G Uj, j = 0, . . . ,r, and 

similarly for 77. Then p€(exp(ir))) = Y,j (exp(ir))) . Let Uj(t) G exp(uj) and a>j(t) G Uj, t el, such 

that exp(ir]j) exp(-it^j) = Uj(t) exp(iaj(t)). This gives exp(irj) exp(— it£j) = Uj{t) exp(i(acj(t)+fjj)) 

where fjj = J^k^jVk- Then 

1 1 

p(exp(iT]) exp(-it^)) = -B(aj(t), a,j(t)) + ~5(%,ffe), 

and ^(exp(zr/)) = £^ p^(exp(irjj)). 

From the above it is enough to prove (2) under the hypothesis that £, 77 G Uo- Choose an 
embedding [/ — > U(n,C) so that the polar decomposition of U is induced by that of U(n, C). 
Note that the restriction of 5 to Uo is a positive constant times the trace form X, Y 1— > tr(zA, iY), 
A, K G u C u(n, C). Thus we may assume that B is the trace form. 

We have exp(irj) exp(-it^) = u(t) exp(ia(t)) where u(t) G exp(uo), a(t) G Uo and 

exp(2ia;(t)) = exp(—it£,) exp(2irj) exp(—it£,) =: (3{t). 

Here exp is now the usual exponential map on matrices. It suffices to establish (2) for £ and rj close 
to since the functions involved are real analytic. So we can assume that 2ia(t) = log (3{t) is given 
by the usual power series log(A) = (A — I) — j(A — I) 2 + 1(^4 — I) 3 . . . where / is the n x n identity 
matrix and A is near /. Then 

//(exp(^)) = -^|t=otr(~log/3(t),^log(/3(t)) = -^tr(^| t=0 log/?(t),log/3(t)) 



Then p^(uexp(irjj) = 
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where tr(4 log /3(f), log /3(f)) is a convergent sum of terms 

(-ir +1 itr[/3'(f)(/3(f) - J)"" 1 + 09(f) - I)/3'(f)(/3(f) - I) n ~ 2 + ■■■ + (/3(f) - IT- I f3'{t), log /3(f)]. 

Using the identities satisfied by trace and the fact that /3(f) and log /3(f) commute we can permute 
the terms involving f3'(t) and /3(f) — I to obtain 

-^tr(^log/3(f),log/3(f)) = -itr^Wr 1 , log /?(*))■ 
Evaluating at f = and using the identities satisfied by trace we obtain 

H*(exp(irj)) = --tr([-if exp(2iT7) + exp(2M7)(-i£)] exp(-2z77), 2z^) = tr(z^z^) = B{^rj). 

□ 

Remark 9.2. If we identify u and u* using the inner product 5, we get that n(uexp(i7])) = rj for 
all u G C7, 77 G u. Thus after identifying £7 C with U x iu = U x u the moment map is given by 
projection on the second component! Also, if we view U c = U x u* as the cotangent bundle of 
U, then fi coincides with the standard moment map on the cotangent bundle associated with the 
standard symplectic form. Moreover, the complex structure induced on the tangent bundle of U 
by U c = U x u is the so called adapted complex structure with respect to the Riemannian metric 
on U defined by B (see |LeSz91| and jUuStmp . 

Let G = i^expp and H = Lexpq be compatible closed subgroups of U c . Assume that if is a 
subgroup of G such that L C K and q C p. We apply the results of the previous section to the 
free proper actions of U c and its compatible subgroups on Z := U c by multiplication on the right; 
9 ■ z = zg- 1 . 

Theorem 9.3. Write p = q + q 1 ^ where q 1 - is the perpendicular of q in p relative to B. Then the 
(H x K)-equivariant map H x (K x q- 1 ) — > G, (h,(k,£)) 1— > k exp(£)/i -1 , induces an (H x K)- 
equivariant isomorphism 

H x L (K x q- 1 ) —> G 

where l(h,k,£,) = (W _1 , kl~ x , Adi(^)) ; l^L,h^H,kEK,^E q 1 - . In particular, we have an 
induced K-equivariant isomorphism 

K x L q L -> G/H . 

Proof. This is an application of Proposition 18 . II where X is G, Z is U c , H plays the role of G and p 
is as in Lemma I9~T1 From Lemma \9. II we get the equivariant identification of M.^ with K x q- 1 . □ 

Remark 9.4. Theorem 19 . 31 implies that, as sets, G = K exp(q- L )i7. Applying the same reasoning to 
U c and G we obtain that U c = Uexp(it)G. 

Let M be a compact Lie subgroup of U and m its Lie algebra. 

Corollary 9.5. Define m -1 to be the perpendicular ofm in u relative to B and let M act onU x im 1 - 
by g ■ (u,i£) = (ug^JAdtg)^), g G M, u G U, £ G m ± . Then the map M c x (U x im L ) -> U c , 
(h,u,i^) I— > u exp(i!;)h~ l , induces an (M c x U)- equivariant isomorphism 

M c x M (Uxim L )^U c 

where M c acts on U c by right multiplication and M acts on M c by right multiplication. In 
particular, we have an induced U -equivariant isomorphism 

Ux M im ± ^U c /M c . 



12 



PETER HEINZNER AND GERALD W. SCHWARZ 



Let Z be a holomorphic [/ c -space and p : Z^Ra [/-invariant smooth strictly plurisubharmonic 
function with associated moment map p: Z — > u*. Let G = Kexpp be a closed compatible 
subgroup of U € . The following was proved by Azad and Loeb ( |AzLo99j ) using Mostow's results. 
For completeness, we reproduce their argument. 

Lemma 9.6. The restriction p\G ■ z is an exhaustion if (and only if) G ■ zC\ Aii V 7^ 0. 

Proof. Let z G G ■ z n J\A ip . Then G ZQ = K zo exp(p 20 ) and by Theorem 19 .'3\ (p zo ) ± — > Z, £ — > 
exp(£) ■ z , is an injective immersion. Let p: (p ZQ ) ± — > M be defined by p(£) = p(exp(£) • z ). Since 
C -» 1, w h p(exp(to£) ■ Zq) is strictly subharmonic for £ ^ and does not depend on the imaginary 
part of w (since p is [/-invariant), it follows that is strictly convex for every £ ^ 0. Hence 
G {p zo ) ± is the unique critical point of p. This all implies that p is an exhaustion |AzLo 93 . It 
follows that p\G ■ z is an exhaustion. □ 

10. Quotients by complex groups 

Before we continue our study of G-actions, we recall some results about actions of complex 
reductive groups. Let Z be a holomorphic f/ c -space with [/-invariant Kahler structure to and 
moment map p. Set S u c(A4) — {z G Z\ U c ■ z n M. ^ 0}, the set of semistable points of Z with 
respect to p and the U c -action. The following result can be found in |HeLo94j . 



Theorem 10.1. (1) The set Suc(M) is open and U -invariant, and there is an analytic Hilbert 
quotient tt : S v c(M) -> S u c(M)//U' c . 

(2) Each fiber of tt contains a unique closed U c -orbit which is the unique orbit of minimal 
dimension in that fiber. 

(3) For every z G M, the orbit U c ■ z is closed in Suc(M). 

(4) The inclusion M. — > Suc(M) induces a homeomorphism 

M/U^S uC (M)//U c . 

Remark 10.2. Suppose that p and u are associated to a smooth strictly plurisubharmonic exhaustion 
p and z G Z. Then p\U c ■ z takes on a minimum value, hence z G S(jc(A4). Thus Z = Sjjc(M). 

Regarding the existence of strictly plurisubharmonic functions we have the following result from 
|Hebo94j . |HeHubo94j and |HeHu96| . 

Theorem 10.3. Let Z, uj and p be as above, and let z G M.. Then there is a neighborhood 
Qo of tt(zo) G Suc(Ai)//U c such that, on Qq := ir^iQo), p and u are associated to a strictly 
plurisubharmonic function p such that 

(1) (tt x p) : Q — ► Q x IR is proper and p is bounded from below. 

(2) (ttxp)- 1 (tt(z ),p(z )) = U-z . 

Remark 10.4. Property (1) is not stated in |HeHu96] . But an easy modification of the proof of the 
exhaustion theorem in HeHu96j gives the claimed statement (see [HeHu04j). 

Remark 10.5. Suppose that the analytic Hilbert quotient tt: Z — > Z//U c exists. Then there is 
an open cover {£l a } of Z//U c where each Q a and TT~ l (Q a ) are Stein. Moreover, there are strictly 
plurisubharmonic [/-invariant exhaustions p a on 7r _1 (f2 a ). Thus, locally, we are in the case that 
Z = S v c(M). 

Finally, from |HeLo94j we have the existence of slices. 
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Theorem 10.6. Let z G M.. Then there is a locally closed ( y U c ) z -invariant subspace S C Z, 
z G S, such that V := U c ■ S is open in Z and such that the natural U c -invariant holomorphic map 
ip: U c x^ C ^ S — > V , [g, s] I— > g ■ s, is biholomorphic. 

Remark 10.7. By construction of S, we may assume that it admits a ([/ ) z -equivariant closed 
embedding into an open (U c ) 2 -stable Stein submanifold S of the ([/ c ) z -representation space T Z Z. 
This implies, in particular, that U c x^ uC ^ z S can be realized as a closed subspace of the Stein 
[/ c -manifold U c S. 

11. SEMISTABLE POINTS WITH RESPECT TO COMPATIBLE SUBGROUPS 

Let Z be a holomorphic £/ c -space with equivariant moment map /i : Z — > u* and let G = X exp p 
be a compatible closed subgroup of U c . For a subset F of Z and a subset if of U € we define 
<Sjf(y) := {z G Z; ff-zfiy ^0}. We call Sa(Mip) the set of semistable points of Z with respect 
to flip and the G-action. We already met Suc(M) in the previous section. When necessary for 
clarity, we will use notation such as S v c(M.(Z)) and Sc(M.i V (Z)). 

Remark 11.1. If (3 G u* is a fixed point with respect to the co-adjoint [/-action, then z t— > fi(z) — (3 
defines a shifted [/-equivariant moment map fi — (3 : Z —>■ u*. The set of semistable points with 
respect to this shifted moment map is Suc(A4(f3)). If (3 annihilates ip, then (/x — /5) ip = /x ip and 
the set of semistable points with respect to G remains unchanged. 

Proposition 11.2. Let G be a closed compatible subgroup of U c . If Z = Sjjc(M), then 

(1) every G-orbit in Z contains a closed G-orbit in its closure, 

(2) Z = S G (M ip ) and 

(3) the closed G-orbits are precisely the orbits intersecting A4i V . 

Proof. We may assume that Z coincides with a fiber of it: Z — > Z//U c . The moment map \x is 
then associated to a strictly plurisubharmonic exhaustion p. Now let z G Z. Since p\G ■ z is an 
exhaustion, it has a minimum at a point z . Thus Pi P (z ) = 0, so z G Sa(Mip) and we have (2). 
For any z G Aii V , Lemma f9.6l shows that p\G ■ Zq is an exhaustion, so G ■ Zq is closed, and we have 
(1) and (3). □ 

Remark 11.3. In many instances, one can use Theorem I1U.3I to replace the hypothesis of the exis- 
tence of a strictly plurisubharmonic [/-invariant exhaustion by the hypothesis that Z = Sjjc(Ai). 
For example, this can be done in the case of Proposition 18.11 and Corollary 18.21 

Now we have an important definition. 

Definition 11.4. Let A C Z be If -stable. For z G Z and f G u let I A {z;0 := {t G E; (expit£)-z G 
A}. Then A is said to be pi P -adapted if for every z G Z, £ G and every nonempty connected 
component C of Ja(z;£) the following holds. 

i) If t_ = inf C > — oo, then /4 p ((expzt_£) • z) < and 

ii) if t+ = supC < +oo, then /if p ((exp it+£) ■ z) > 0. 

Remark 11.5. Conditions i) and ii) are valid for every z G Z if and only if they are valid for every 

z e A. 

Remark 11.6. Let A be /i ip -adapted. Let £ G ip and z E Z. If £z(z) = 0, then /^(z;^) = or R. 
Assume that £z(z) 7^ and that /^(z;^) 7^ 0. Clearly Ja(z;£) is not a point. As we saw in the 
proof of Lemma IB~B1 the function A: M — > R, A(t) = /i^(expit£ • z), is strictly increasing. It follows 
that Ia{z\C) cannot contain two disjoint components, i.e., /^(z;^) is connected. 
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Remark 11.7. If G = U c , then 

Pip — P and we have the notion of p-adapted sets. 
We leave the proof of the following to the reader. 
Lemma 11.8. Arbitrary unions and finite intersections of pi P - adapted sets are pi P - adapted. 
Here is an important tool for constructing /i-adapted neighborhoods (c.f. |He91j ). 



Proposition 11.9. Let Z be a holomorphic U c -space. Assume that p: Z — > u* is associated with 
a U -invariant strictly plurisubharmonic smooth function p: Z — > M. For rgR set A r (p) := {z G 
Z; p(z) < r}. Then A r (p) is p-adapted. 

Proof. Let (6u and z G A r (p). By definition we have 

p 5 (exp(it£) • z ) = ^- p(exp(itf ) • z ) . 
at 

If ^z(zq) = we have nothing to prove, so assume that £z(zo) 0- Then the function t — > 
p^(exp(ii£) ■ z ) is strictly increasing and the boundary of A r (p) is contained in {z G Z; p(z) = r}. 
Since t \— > p(exp(it£) • z ) is a strictly convex function this implies that A r (p) is p-adapted. □ 

The following lemma shows the utility of the notion of p, p -adaptedness. 

Lemma 11.10. If Ai, A 2 C Z are pi P -adapted, then G ■ (A\ fl A 2 ) D Ax H G ■ A 2 . In particular, 

G-(A 1 nA 2 ) = G-A 1 nG-A 2 . 

Proof. Suppose that X\ = g ■ x 2 where g G G and Xj G Aj, j = 1, 2. There is a k G K and £ G 
such that g = fcexpz£. Replacing x\ by we may assume that g = exp(i£). Consider the path 

a(t) = exp(it£) ■ x 2 from [0, 1] to Z. It is enough to show that a(t ) G A\ fl A 2 for some to £ [0, 1]. 
This is obvious if x\ G A 2 or if a?2 G Ai, so we may assume that there are ti, t 2 G [0, 1] where a 
enters Ai, resp. leaves A 2 . From p ip -adaptedness we get that p^(a(tx)) < and p^(a(t 2 )) > 0. But 
p£ is increasing on the image of a, so ti < t 2 and a(t) G Ax fl A 2 for t G £2]- D 

Remark 11.11. Let fi be open and p^-adapted and let A be a if-stable closed subset of fi. Assume 
that A is locally G-stable, i.e, for all a G A and £ G ip the set Ia(o; £) is a neighborhood of G M. 
Since A is closed in fi, /^(a;^) is closed in /^(a;£). Now the condition that A is locally G-stable 
implies that is open. Thus Ia(cl',0 = ln(a',0 and consequently A is pjp-adapted. The 

equality £) = in(a; £) also implies that A = G • A fl fi. In particular, G ■ A is closed in G • fi 
and if A is real analytic in fi, then G ■ A is real analytic in G ■ fi. Note that if fi is G-stable then 
local stability of A implies that it is G-stable. 

Corollary 11.12. Suppose that every K-orbit in M.i P has a neighborhood basis of open pi P -adapted 
subsets. Let C\, C 2 C M.i P be closed, disjoint and K -stable. Then there are G-invariant open 
neighborhoods fij of C{, i = 1, 2, such that fii fl fi2 = 0. 

Proof. Let W\ and W 2 be disjoint open K-invariant neighborhoods of C\ and C2, respectively. Then 
each point z G C\ has an open p ip -adapted neighborhood W z C W\. Let W[ be the union of the 
W z for z G C*i, and construct W 2 similarly. Then W[ and W 2 are disjoint and p^-adapted, hence 
the sets fij := G ■ W(, i = 1, 2, are G-invariant disjoint open neighborhoods of C\ and G2. □ 

It would be ideal if we could show that every if-orbit in Ai ip has a basis of open p ip -adapted 
neighborhoods. We are able to do this in the case that Z = Sjjc(M) ( Theorem 113.7)) . However, 
we can get many results with the weaker property established in Corollary II 1.121 This will follow 
from the special case where U is commutative, which we handle in the next section. 
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Definition 11.13. We say that the separation property holds if any two i^-stable disjoint closed 
subsets of M.ip are contained in disjoint open G-stable sets. 

Proposition 11.14. Suppose that the separation property holds and letz G Z. Then G ■ zC\Aii P ^ 
if and only if G ■ z fl M. ip = K ■ z for some z G G ■ z fl A4 ip . 

Proof. Assume that K • x±, K • X2 C G ■ z n M.ip and that K ■ x\ ^ K ■ X2- Let Qj be G-invariant 
disjoint neighborhoods of K ■ Xj, j = 1, 2. Then G ■ z C f2 x fl f2 2 — ; a contradiction. □ 

Definition 11.15. Let X be a topological G-space. We say that the topological Hilbert quotient of 
X by G exists if ~ is an equivalence relation, where x ~ y for x, y G X if and only if G ■ xflG • y 7^ 0. 
If this is the case, then we define the Hilbert quotient to be the set of equivalence classes, denoted 
X//G, with the quotient topology. If Y is another topological G-space with topological Hilbert 
quotient Y//G and if ip: X — > Y is continuous and G-equivariant, then <p//G will denote the induced 
continuous map from X//G to Yjj G. 

Remark 11.16. Let Z be a holomorphic [7 c -space. If the analytic Hilbert quotient n: Z — > Z//U c 
exists, then it is also the topological Hilbert quotient since n(x) = ir(y) if and only if U c ■ x and 
U c ■ y contain the same closed £7 c -orbit. 

Corollary 11.17. Suppose that the separation property holds. Then the topological Hilbert quotient 
Sg{M-%p) II G exists. We have x ~ y in Sa{Mip) if and only if K • x = K ■ y where K ■ x = 
G ■ x n Aiip and K ■ y$ = G ■ y fl A4i P . The inclusion of A4i P into Sci-M-ip) induces a continuous 
bijection of M.i P /K with Sa(Mip) // G . 

Proof. Suppose that z G G • xflG • y, z G Sa(M-ip), and that G • x fl M.i P — K ■ x and that y and 
zq are defined similarly. Then by Proposition II 1 . 141 we must have that K • Xq = K • zq — K • y$. □ 

Remark 11.18. Assume the separation property. Then every fiber of the quotient map 7r : Sa(Mip) — > 
Sc^M-ip) II G intersects A4 ip in a unique X-orbit K ■ z . The orbit G ■ z is closed in Sa{M.ip) and is 
the unique orbit of lowest dimension in the corresponding fiber of ir ( Corollaries 114.161 and PH. 18|) . 
Conversely, any closed orbit in Sc(Ai ip ) intersects -Mj P , by definition. Thus the quotient map tt 
gives a parametrization of the closed G-orbits in Sa{M-ip)- 

Lemma 11.19. Assume the separation property. Then ix\M.i P : M.i P — > SaiMipjl/G is a closed 
mapping. 

Proof. Let G C Atjp be closed. We may assume that G is K- invariant. Set Y := 7r _1 (7r(G)). Then 
we must show that Y is closed in Sa(Mip), so let y n EY and suppose that y n — ► y G 5g(A^i P ). Let 
?/o £ G • y n A^jp. If 2/0 ^ G, then we can find disjoint open G-stable neighborhoods fli of yo and 
02 of G. For large n we must have that y n G Vt\ which implies that G ■ y n lies in the complement 
of 0,2- But then we cannot have y n G tt^ 1 (ti(C)), a contradiction. Hence yo G G, Y is closed in 
<S(3(A4jp) and 7r(G) is closed. □ 

Corollary 11.20. Assume the separation property. If A is a G-stable closed subset Sc{Mip), 
then tt(A) is closed. If A\ and A 2 are two closed G-stable subsets of Sc(-M-ip), then we have 
tt(Ai) n tt{A 2 ) =7r(AinA 2 ). 

Proof. We have that tx(A) = 7c(AnM ip ) is closed. Similarly, n(A 1 )nn(A 2 ) = n(A 1 n M ip ) nix(A 2 n 
Mip) = 7r(Ai n A 2 ). □ 

Corollary 11.21. Assume the separation property. Then the bijection M.i P /K —>■ Sci-M-ip) // G is 
a homeomorphism. In particular, Sc{M-ip) // G is metrizable and locally compact. 
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Proof. By the lemma, the bijection is a closed mapping. □ 

Remark 11.22. Note that the quotient map 7r is open at every point of Aiip and therefore open at 
every point of G ■ M.ip. 

12. Commutative groups 

In this section U will denote a commutative compact Lie group. Let Z be a holomorphic U c - 
space with moment map //: Z — > u* and let G = K expp be a compatible Lie subgroup of U c . Let 
Annip denote the annihilator of ip in u*. 

Proposition 12.1. 

S G (M ip )= |J S v c(M((3)). 

/3eAnn ip 

Proof. Let z G S v c {M. {(3)) where (3 G Ann ip. On the fiber Y through z of the quotient Tip : <S[/c (M. (/?)) 
<V(A"f(/?))/?7 c the shifted moment map fx — (3 is associated with a strictly plurisubharmonic £/- 
invariant smooth exhaustion p: Y — > R. Since p|G • z attains a minimum value we obtain that 
G ■ z H A^ p 7^ 0. Consequently, <V(Al(/3)) C <S G (A4jp). 

If z G Sc{M.i P ), choose z G Aljp D G ■ z. Then z G Al(/3o) where /5 := p(z ) G Annzp. This 
gives z g Af(/3 ) nG^C M{(3 )nW^, i.e., z G «S c/C (A4(/3 )) • □ 
Remark 12.2. If u = ip, then S G (Alip) = 5[/c(Al). 

Corollary 12.3. We have that Sc{M-ip) is an open Unstable subset of Z . 

Remark 12.4. We conjecture that, even for noncommutative groups, ^(A^p) ^ s always open in Z. 

In the following we will assume that G = ii'expp is a closed compatible subgroup of U c . 

Proposition 12.5. Every K -orbit K ■ zq C A^p has a neighborhood basis consisting of flip- adapted 
open sets. 

Proof. Shifting by an element in Annip we may assume that zq G M.. Let M denote U Zo . Then 
by the holomorphic slice theorem (Theorem ll(J.6|) we may assume that Z = U C x M S for some 
M c -space S, and we may assume that the moment map is associated to a strictly plurisubharmonic 
function p. Let 7r: Z — > Z//U denote the quotient map and let q: Z — > U c /M c = U c ■ z denote 
the bundle projection. We may assume that p x rr is proper, that p is bounded from below and 
that (p x 7r) _1 (p(2;o), ^(z )) = U ■ z . Moreover, we have that U • zq D G ■ zo = K • zq. For suppose 
that u ■ zq = &;exp£ • z Q where u G U, k G K and £ G p. Then -u _1 /cexp£ G (t/ c ),z = E/* expiu 2o , 
so u~ l k G [/ Zo and u ■ Zo = u(u~ l k) ■ z Q = k ■ z$. 

Since G is closed in U c and z Q G Al, the group G/G ZQ acts properly and freely on £/ c • zo- Thus 
the quotient U c ■ z /G is a Hausdorff space. Let g: Z — > (U c ■ z )/G denote q composed with the 
quotient map U c ■ z — > (£/ c • z )/G. The map (tt x px q): Z — > Z//U c xRx (U c ■ z )/G is proper 
and satisfies (t x p x g) _1 (7r(2;o), p(-2o), g(-2o)) = ^ ■ C G • Zo — -K" ■ ^o- This implies that the 
sets vr _1 (<5) H oo,r)) fl q~ x {B) where Q is an open neighborhood of ir(zo), r > p(z ) and B 

is an open neighborhood of q(z ) form a basis of open .fT-invariant neighborhoods of K ■ Zq in Z. 
Moreover, 7r _1 (Q) flp _1 ((— oo, r)) is p-adapted, hence /ijp-adapted, and is p^-adapted since 

it is G- invariant. Therefore the intersection remains /^p-adapted. □ 

Remark 12. 6. This paper makes essential use of the holomorphic slice theorem and the existence 
of a potential p only in the case that U is commutative. One can give short proofs of the required 
results in this case, thus circumventing the use of the results in |HeLo94| . Then our results in this 
paper generalize those of |HeLo94j and are independent of the results there. 



CARTAN DECOMPOSITION OF THE MOMENT MAP 



17 



13. The Separation Property 

In this section we establish the separation property. Let U be a compact Lie group. 

Proposition 13.1. Let G C U c be closed and compatible. Let A be a maximal connected subgroup 
o/expp and let a denote its Lie algebra. Then a is Abelian, so that A ~ M! for some I. We have 
Ad(K)a = p andG = KAK. 

Proof. Since [p,p] C t, both o and A are commutative. Write g = g s © g r where g s is semisimple 
and g r is the radical of g. Then g r and g are 0- stable. Let H be the Zariski closure of G in U c 
and let M be the Zariski closure in U c of the Lie subgroup of G corresponding to g r . Then H and 
M are ^-stable, so they are reductive. Since g r is solvable, so is M, so that M is a torus. Since g r 
is G-stable, M is normal in H. Thus M lies in the center of H°. Going back to g, we see that g r 
is the center of g and that we can choose g s = [g,g]. Then 9 respects the Levi decomposition of 
g and p = (p n g s ) © (p PI g r ). Since a is maximal Abelian, it contains p D g r , so a = a' © (g r D p) 
where a' is maximal commutative in p n g s . Then Ad(K)a' = p fl g s |Helg78t Ch. 5 §6], so that 
Ad(K)(a) = p. It follows that G = KAK. " □ 

Example 13.2. The Zariski closure of G can be much larger than G. For example, let U c = (C*) 2 , 
U = S 1 x S 1 and G = R* where g ~ R C M 2 ~ iu has irrational slope. Then the Zariski closure of 
G in U c is U c . The real algebraic closure of G in (R*) 2 is (R*) 2 . 

Let A and a be as in Proposition 113.11 Then the results in section show that every point in 
M.ip C M.i a has a neighborhood basis of /^-adapted open sets. 

The following lemma was established during discussions with H. Stotzel. 

Lemma 13.3. Let Vt\ and Q2 be ^-adapted with Qir\Q2 = 0? o,nd suppose that Wi is a K -invariant 
subset ofQi, i = l,2. Then G ■ W 1 n G ■ W 2 = 0. 

Proof. It is enough to show that W\ fl G • W% = 0. So assume that we have g = k(exp£)k' G 
G = KAK and Wi G Wi such that w% = g • w 2 - Then replacing w\ by k^wi and w 2 by k'w 2 , 
we can assume that w% = (exp^)w 2 . Then w 2 G" and (exp^)w 2 G so there is a t 1 where 
(expt£)u> 2 first enters fli. Similarly, w 2 G Q 2 while (exp£)w7 2 ^ ^2, so that there is a last t 2 such 
that (expt£)-u72 G Q 2 . By ^-adaptedness, ti < t 2 , so that (expt^)w 2 G Qi fl fi 2 = for t G [ti,t 2 ], 
a contradiction. □ 

Corollary 13.4. Let C\ and C 2 be disjoint closed K -stable subsets of M.^. Then there are G-stable 
disjoint open subsets Qi D Ci, i = 1, 2. Hence the separation property holds. 

Proof. There are disjoint open subsets containing the C iy hence disjoint open /ij a -adapted subsets 
Wi containing the Cj, i = 1, 2. These in turn contain instable open neighborhoods W[ of Cj. Set 
Qi = G • W[ and Q 2 = G ■ W' 2 . Then the fli have the required properties. □ 

Now that we have the separation property, we have all the results of ^111 For completeness, we 
restate them here. 

Theorem 13.5. Let Z be a holomorphic U c -space with U -invariant Kahler form and moment 
mapping \i, and let G be a closed compatible subgroup ofU c . Then 

(1) The topological Hilbert quotient n of SciM-ip) by G exists, and the inclusion M. ip — > 
Sg^M-ip) induces a homeomorphism M. ip /K —> Sc(Mip)//G. In particular, Sc(Mip) // G 
is metrizable and locally compact. 

(2) If A C S G (Mi P ) is closed, then tt(A) = n(A fl M ip ) is closed. 
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(3) If Ai and A 2 are closed and G-stable subsets ofSa{M.ip), then tt(Ai) fl ir(A 2 ) = n(AinA 2 ). 

(4) If G is commutative, then Sa{M.ip) is open in Z and every K -orbit in JH ip has a neighbor- 
hood basis of fi ifl - adapted open sets. 

In case Z = Suc(M) we can establish more than the separation property. 

Proposition 13.6. Assume that the analytic Hilbert quotient n: Z — > Z//U c exists and that we 
have a U -invariant strictly plurisubharmonic function p on Z , bounded below, such that it x p is 
proper. Let p be associated with p and let x G A4 iv . Then K ■ x has a basis of p ip -adapted 
neighborhoods. The elements of the neighborhood basis can be taken to be of the form A rn (p) fl V n 
where r n > p(x ) := r , A rn (p) = {z G Z; p(z) < r n } and V n is a G -invariant neighborhood of x . 

Proof. Fix a K- neighborhood W of K ■ x . Let W D W\ D W 2 D ■ ■ • D K ■ x be a basis of 
fT-neighborhoods of K ■ xq and let r\ > r 2 > • ■ • > r be such that limr n = r . We show that 
A rn (p) H G ■ W n C Wo for n sufficiently large. By Proposition II 1.91 the sets A rn (p) are /i-adapted, 
hence the sets A rn (p) fl G ■ W n are p^-adapted and we have the proposition. 

Suppose that the proposition is false. Then we can assume that there are x n G W n , g n G G such 
that g n - x n G" Wq while p(g n ■ x n ) < r n . We may assume that limx n = xq. Since 7r x p is proper, we 
may assume that limg n • x n = yo G Z. Let z G G ■ yo fl A4 iv . We claim that K ■ z = K ■ x . If not, 
then by Corollary 113.41 we can find disjoint G-neighborhoods Oi and Q 2 of zq and xq, respectively. 
But we must have that yo G so that g n -x n G Qi for n large. Thus x n G Q\ where x n —>■ x G 1^2- 
This is a contradiction. 

Now G ■ y n A4i V consists of the minima of p on the closed G-orbits in G ■ y , and we have just 
shown that these minima consist of the K-orbit of x . Since p(x ) = r and p(yo) < r we must 
have that K ■ y = K ■ x C Wo- But g n ■ x n ^ Wo and g> n • x n — >■ yo, a contradiction. □ 

Theorem 13.7. Suppose that Z = Suc(A4). Then every point z G M.^ has a neighborhood basis 
of pip- adapted open subsets. 

Proof. By Theorem 110.31 and the Proposition above, every point in M.i V has a neighborhood basis 
of /ijp-adapted open subsets. □ 

14. Slices 

In this section we assume that Z is a holomorphic [7 c -space with a ^/-invariant Kahler structure 
and moment mapping p. We show that we can find slices at points of A4i P . In particular, if the 
analytic Hilbert quotient Z//U c exists (e.g., Z is Stein), then there are slices at points on closed 
G-orbits (see Remark 114.271 below). First we give a sufficient condition that iT-equivariant maps 
extend to be G-equivariant maps. 

Let G = K expp be a closed compatible subgroup of U c . A i^-stable subset fl of Z is said to be 
orbit convex with respect to G if for every £ G ip and z G Vl the set Iq(z; £) = {£€ M; exp it£-z G f2} 
is connected. Note that a pjp-adapted subset of Z is orbit convex with respect to G. 

Let Q G Z be i^-stable and open and let X be a topological G-space. Let <p: — > X be X- 
equivariant. We say that <p is locally G-equivariant if for every x G there is a neighborhood 
of e G exp(p) with V x ■ x C VL such that <p(g ■ x) = g ■ <p(x) for <? G V x . 

Proposition 14.1. Let A be a subgroup in expp such that G = KAK. Let Vt G Vti G Vt 2 G Z be 

open sets where Q and Q 2 are K -invariant and Oi is orbit convex with respect to A. Let X be a 
topological G-space and let ip : fl 2 — >• X be a locally G-equivariant continuous map. Then there is a 
unique G-equivariant continuous map $: G ■ Q — ► X such that = if. 
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Proof. For z G Q and g G G, we define $(g • z) to be g • p{z). This is clearly the desired mapping, 
as long as we can prove that it is well-defined. So let z±, z 2 G ft and g 1: g 2 G G and suppose 
that gi ■ z\ — g 2 ■ z 2 . We need to show that g\ ■ <p(zi) = g 2 ■ p(z 2 ). Equivalently, we have to show 
that g ■ (p(zi) = p(z 2 ) where g = g 2 g\- Write g = fc(exp£)fc' where k, k! G K and £ G a. Then 
z[ := kl ■ Z\ and exp£ • z[ = z' 2 := k~ x ■ z 2 are in Q C Ox, hence Iq^z'i, — i£) contains the interval 
[0, 1]. It follows that y?(exp(£) • z[) = exp(£) • p(z' 1 ) and from .fT-equivariance of p> we finally obtain 
that g ■ ip(zi) = ip(g • z x ) = p{z 2 ). □ 

Remark 14.2. Suppose that X is an analytic G-space and that tp is C k , k > 1, or real analytic. Then 
$ is C k or real analytic. If X is a complex G-space and <p is holomorphic, then $ is holomorphic. 

The following is an analogue in our setting of Luna's fundamental lemma. 

Lemma 14.3. Let X be a topological G-space and let x G X . Let ip: X — >• Z be a G-equivariant 
continuous mapping which maps K ■ x injectively into G ■ z where z = (p(x). Assume that p is a 
local homeomorphism at x and that z G -Mj P . Then there is an open G -stable neighborhood W of 
G ■ x which is mapped homeomorphically by p> onto the open G -neighborhood <p{W) of G ■ z. 

Proof. By equivariance, (p is a local homeomorphism along K -x. It follows that there is a neighbor- 
hood Q of K-x which is mapped homeomorphically onto its image <p(£l) C Z. Let Qi be a X-stable 
neighborhood of x which is contained in Q. Then (p\Qi is a locally G-equivariant homeomorphism. 
Let A C exp p be a subgroup such that G = KAK. Then by Proposition 112.51 and Lemma 111.81 
we may find an orbit convex (with respect to A) neighborhood V\ of K ■ z inside V 2 := p(Qi). Let 
V be a X-invariant neighborhood of K ■ z which is contained in V\. Since (y9|f2i) _1 |V2 is a locally 
G-equivariant mapping, there is a unique G-equivariant extension ip of ((^lOi) -1 !^ to G • V. The 
composition p o ip is the identity on G • V by construction. Similarly, ip o p is the identity on 
W := G ■ ip{V) C G • n t . □ 

Remark 14.4. Suppose that X is a real analytic (resp. complex) G-space. If cp is a local ana- 
lytic diffeomorphism (resp. local biholomorphism) , then <p\W is an analytic diffeomorphism (resp. 
biholomorphism) . If (p is a local C k diffeomorphism, k > 1, then <p\W is a C k diffeomorphism. 

Remark 14.5. If G = U c and <p is holomorphic, then Lemma 114.31 is a strict generalization of 
the usual fundamental lemma in the complex analytic category. Similarly, Theorem 114.101 Theo- 
rem ^^221 and Proposition 114.251 below give statements in the complex analytic category. Proposi- 
tion ^^25] in this setting may even be new. 

We give a proof of the following well-known result. 

Lemma 14.6. Let z G Z be a U c -fixed point. Then there is a U c -stable neighborhood W of z and 
a U c -equivariant biholomorphic map ip:W—>Z where Z C T Z (Z) is a U c -stable closed subspace 
of a U c -stable open subset ofT z Z. 

Proof. Let ip be a [/-equivariant biholomorphic map of a [/-neighborhood W of z G Z onto a 
locally closed [/-stable subspace Z' of T Z Z where ip(z) = 0. We may assume that Z' is closed in 
the ball B of radius 1 for some [/-invariant norm on T Z Z. Then B is //-adapted for p! the moment 
mapping associated to the square of the norm function on T Z Z. Moreover, Z' is locally [/ c -stable 
(see Remark II l.llj) . It follows that Z := U c ■ Z' is a closed analytic [/ c -subspace of the [/ c -stable 
open subset U c ■ B such that Z D B = Z' . Note that ip : W — > Z is automatically locally U c - 
equivariant. Changing p by a constant, we may assume that z G A4. Then z has a neighborhood 
basis of /i-adapted open sets (Theorem 113. 7|) and by Proposition 114.11 we may assume that ip is 
defined on a [/ c -invariant neighborhood of z. Now apply Lemma [14. 31 □ 
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We now need a result on complete reducibility of certain representations of G. 

Lemma 14.7. Let V be a complex representation space of U c . Then V is completely reducible as 
a real representation of G. 

Proof. We may assume that V ~ C n has the usual hermitian inner product ( , ) and that U is a 
subgroup of U(n, C). The real part of ( , ) is the usual real inner product ( , ) on the underlying 
real vector space M 2n . Then K consists of orthogonal matrices and elements of exp(p) are real 
symmetric matrices. Let W be a real G-submodule of V. Taking perpendicular relative to ( , ) 
we have the instable subspace W^. Moreover, if w G W, w x G W 1 - and g G exp(p), then 
= (g ■ WjW 1 -) = (w,g ■ w^), so that W 1 - is also exp(p)-stable. Thus W 1 - is G-stable. □ 

Remark 14.8. Let z G Z and let if be a compatible reductive subgroup of U c fixing z. Then 
locally and if-equivariant ly we may consider Z as an ff-stable subset of T Z Z. The [/-invariant 
Kahler structure on Z extends locally to an (if fl f/)-invariant Kahler structure on T Z Z |Nara 62j. 

Corollary 14.9. Let z G Z such that G z is a compatible subgroup ofU c (e.g., z G M.^). Then the 
representation of G z on T Z Z is completely reducible. In particular, there is a direct sum decompo- 
sition T Z Z — T Z (G ■ z) © N z where N z is G z -stable. 

Proof. The Zariski closure of G z in U c is reductive ( Remark I4.2J1 . and lies in {U c ) z . Now applying 
the argument of Lemma 114.71 we can choose N z = (g ■ x) 1 - for the inner product on T Z Z coming 
from the Kahler structure. □ 

Theorem 14.10. Assume that Z is smooth at z G A4ip- Then there is a geometric G -slice at z, 
i.e., there is a G z -invariant locally closed real analytic submanifold S of Z, z G S, such that G ■ S 
is open in Z and such that the natural map G x Gz S — ► G ■ S , [g,s] \—>g-s, is a real analytic 
isomorphism. 

Proof. Let if denote the analytic (hence algebraic) Zariski closure of G z in U c . Note that z is 
an if- fixed point. By the holomorphic slice theorem for fixed points (Lemma I14.6|) there is an 
ff-stable open neighborhood D C T Z (Z) and an if-equivariant open embedding i: D — > Z with 
i(0) = z. From Corollary 114. 91 we know that there is a G z -complement N z to T Z (G ■ z) in T Z (Z). Let 
S := i(D fl N z ) and let (p: G x Gz S — > Z denote the natural map. Then (p is G-equivariant, a local 
diffeomorphism at [e,z] and an isomorphism on the G-orbit through [e,z\. Applying Lemma fl4.3l 
we obtain a G-neighborhood fl of [e, z] G G x Gz S which is mapped isomorphically onto G ■ ip(Q). 
But n = G x Gz S where S = QnS. □ 

Remark 14.11. By Lemma [5. If 2) we have (q ■ z) 1 - = (6 • z) fl ker (d^i P (z)). Thus, on the tangent 
space level, the slice for the G- action is the intersection of Aii P with a slice for the K- action. 

The slice theorem for the case that z is not a smooth point of Z requires more work. If we knew 
that Z was a G-subspace of a smooth G-space Z, then the slice theorem for Z would imply the 
slice theorem for Z. But the only way we see to find a Z is to prove the slice theorem for Z\ 

Assume that z G A4j P and let H denote the Zariski closure of G z in U c . By Lemma 114.61 we 
have an if-equivariant embedding ip of an open neighborhood W of z onto a locally analytic subset 
Z C T Z Z where ip(z) = 0. Write T Z Z = T Z (U € ■ z) ® N where N is ff-stable. The set t := Z n iV 
is an ff-stable locally analytic subset of iV and S := ■?/;~ 1 (E) is an ff-stable analytic subset of W. 

We have an Ad ff-stable decomposition u c = (u c ) z © m. Note that m — > U C /(U C ) Z , m i— >■ 
exp(m)(U c ) z , is biholomorphic on an open neighborhood of G m. 
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Lemma 14.12. The holomorphic map m x £ — > Z , (m, s) i— > exp(m) • s, H-equivariant and 
there is an open H -stable neighborhood V of (0, z) E m x £ stzc/i t/icrf <£>° ""iops V biholomorphically 
onto an open subset of Z . 

Proof. By construction, dip® z \ is injective. This implies that ip° maps an open neighborhood 
V = Q° x £° of (0, z) biholomorphically onto a closed analytic subset of a neighborhood Z° of 
z £ Z. Here f2° is a connected neighborhood of G m and £° is a neighborhood of z G X. Let 
Zg, P E B, be the irreducible components of Z°. We may assume that each Z® is irreducible at 
z. There is an open neighborhood O of e 6 U c such that Q ■ z is a locally closed submanifold of 
Zl for each /?. Set Z° := and Z° := ^(Zj), (3 E B. For each p, ip(tt -zjc^isa smooth 

submanifold through which is transversal to N, so we have 

dim E^g = dim Z° — dim VL ■ z = dim Z® — dim m 

for every irreducible component E?g of Z° fl iV which contains 0. For each Z® choose an irreducible 
component Q° x £°g of 1/ such that z E £[L C Z2. Since dim(m x E^ Q ) = dimZ° we have 
<^(f2° x S^) = Zg. Hence (p° is a surjective closed embedding of Q° x £° onto Z° and therefore 
biholomorphic. □ 

Remark 14.13. We have T Z E = N C T^Z. 

Since G z is a compatible subgroup of ?7 C , the action of G z on u c is completely reducible. Let 
m' C m be an (AdG 2 )-stable complement to (u € ) z + g in u c . We have the twisted product 
G x Gz (m' x E) where G z has the product action on m' x E. There is the G-equivariant map 
ip : G x Gz (m' x E) — > Z, (g,m,a) i— > g> exp(m) • cr. 

Proposition 14.14. There is a G z -invariant open neighborhood S of (0,z) E m' x E suc/i i/iai 
ip: G x Gz S ^ Z is a G-equivariant open embedding. 

Proof. By Lemma 114.31 and Remark 114.41 it is enough to prove that is an isomorphism in a 
neighborhood of [e, (0,2)]. Let m" be an (AdG z )-stable complement to m' in m. Note that m" ~ 
q/Qz- It is enough to show that 

tp' : m" © m' x E — > Z, (m", m', cr) h-> exp(m") exp(m') • cr 

is a diffeomorphism in a neighborhood of (0,2;). Since (p° is biholomorphic, it is enough to show 
that cr := (y? ) -1 o (p' : mxS->mxSisa diffeomorphism near (0, z). Clearly datQ Z \ is the identity. 
Now we just apply the lemma below. □ 

Lemma 14.15. Let X be a germ at G C n of a complex analytic set. Let cr: X — > X , cr(0) = 0, 
be a germ of a real analytic mapping such that o~{X) C X. Assume that cicr : T X — > T X is an 
isomorphism. Then c(X) = X (as germs). 

Proof. We may assume that T X = C n . Then we may assume that a representative of a extends 
to a real analytic diffeomorphism r: W\ — > H^ where W± and H^ are neighborhoods of 0. We may 
assume that X is represented by closed analytic subsets Xj of Wj, j = 1, 2, such that t(Xi) C X 2 . 

We first assume that the Xj are irreducible. Then each Xj \ SingXj is connected and smooth 
where Sing Xj has real codimension at least two in Xj. There is certainly a smooth point x\ E X\ 
such that X2 '■= cr(xi) is a smooth point in X 2 . Since r is an isomorphism, cr is open at x\. Hence 
there is a neighborhood V 2 of x 2 in X 2 \ SingX 2 such that t -1 ^) C X\. By the identity principle 
for real analytic maps we have t~ 1 (X 2 ) C X\. Hence a is onto. 
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In general, each Xj \ SingXj is a finite union of dj connected components whose closures are 
the irreducible components of Xj, where d\ = d 2 . By the argument above, if Y is an irreducible 
component of X±, then <j(Y) is an irreducible component of X 2 . Since r is invertible, the irreducible 
components of Xi are mapped onto the irreducible components of X 2 . Hence cr(Xi) = X 2 . □ 

Proposition 114. 141 has several important corollaries. 

Corollary 14.16. Let z G M.ip. Then G ■ z is closed in SciMip) and closed in a G-stable open 
subset of Z . In particular, a G-orbit in Sa(Aii V ) is closed if and only if it intersects Aiip. 

Proof. By the proposition, G ■ z is closed in G • S. Let y G G ■ z\G ■ z. If ?/ G SciM-ip), then 
G ■ y fl M.ip must be K ■ z by Corollary 1 11. 171 but this is impossible since y lies in the complement 
oiG-S. □ 

Corollary 14.17. For every z G M.ip, the saturation Sg{{z}) is closed in an open G-stable neigh- 
borhood of z. 

Proof. We may G z -equivariantly identify S C m' x £ with its image in m' x N C T Z Z. Then 
G z is compatible with the unitary structure on T Z Z and we have a topological Hilbert quotient 
7r: T z Z — > T Z Z//G Z . The null cone N := 7r _1 (7r(0)) consists of the y G T Z Z such that the closure of 
G z ■ y contains 0. Then N n S is closed in S, and S G ({z}) n G ■ S ~ G x Gz (iV n S) is closed in 

□ 

Similarly, we have 

Corollary 14.18. Let y G Sc{M-ip) and let z G G ■ y fl 7Wi P . T/ien G ■ z is the unique orbit of 
minimal dimension in G ■ y fl Sc(-Mip). 

Corollary 14.19. Let z G M. iv . Then there is a smooth real analytic G-space Z and a G-equivariant 
embedding of a G -neighborhood of z into Z. 

Proof. We have an embedding of a G-neighborhood of z into G x Gz (m' x TV). □ 

Corollary 14.20. Let z G M.ip. Then there is a G-invariant neighborhood W of z such that the 
topological Hilbert quotient W//G exists. 

Proof. As before, the topological Hilbert quotient tt: T Z Z — > T Z Z//G Z exists. We may identify S 
with its image in T Z Z. Let S' denote S n tj- 1 {-r(S) \ ir(S \ S)). Then G S', S' is G 2 -stable and 
open in S, and S' C Sc(Mip H S'). It follows that the topological Hilbert quotient of S' exists, 
hence so does the topological Hilbert quotient of W := G x Gz S'. 

□ 

Corollary 14.21. Assume that Z' := Sc{M.ip) is open and let z G Aiip. Then a neighborhood of 
G ■ z G Z'//G is homeomorphic to a semianalytic set. 

Proof. We continue from the proof above. We may assume that S C Z' . Then (G x Gz S)//G 
parametrizes the closed G-orbits, so we need only show that the closed G^-orbits in 5* are locally 
parametrized by a semianalytic set. We may consider S as a subset of V := T Z Z. We have 
a unitary structure on V for which the image of G z in GL(V) is compatible. Let p\, . . . ,pd be 
generators of MfV]^ 2 and let p = (pi, . . . ,pd) '■ V — > R . Then V/K z is homeomorphic to the closed 
semialgebraic subset p(V). Moreover, M. ip C V is semialgebraic, hence p(-M; p ) is also semialgebraic 
and parametrizes the closed G z -orbits in V. We can find a nonnegative real valued ^-invariant 
real analytic function / (near 0) whose zeroes define S near 0. Then f = p*h where h is analytic 
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m a neig hborhood of G M. d . The zeroes of h on p{M.ip) give the germ of the image of A4j P D S, 
where (A4 ip fl S)/K z parametrizes the closed G^-orbits in S. Thus a neighborhood of G S//G z is 
homeomorphic to a semianalytic set. □ 

Remark 14.22. Let Z be a projective variety with a [7 c -linearized very ample line bundle L. Let 
V denote the dual of the [7 c -module T(Z,L). Then Z embeds into P(V) and cJcCMip) is the 
intersection of Z with the image of V \Af in -P(V"), where A/" is the null cone of the G-action on V. 
Hence Sa(M.ip) is open in Z. 

We may reformulate Proposition 114.141 as follows. 

Theorem 14.23. For every z G M. ip there is a locally closed real analytic G z -stable subset S of Z, 
z G S , such that the natural map G x Gz S — > Z is a real analytic G-isomorphism onto the open set 
G-S. 

Remark 14.24. Assume that Z' := iSg(A4; p ) is open. Then we may assume that G ■ S C Z'. Let 
7i : Z' — ► Z' G be the quotient mapping. Then the image C of the complement of G ■ S in Z' is 
closed and does not contain the closed orbit G ■ z. Thus replacing G ■ S by the inverse image of 
the complement of C we may arrange that G ■ S is G-saturated. It follows automatically that S is 
GVsaturated. 

Example 14.25. This is a continuation of Example 17.91 Let it: g — > g//G denote the quotient map. 
The slice theorem implies that 7T (7r(a;)) = G ■ x for every x G X. In particular, the orbit space 
X/G = n(X) is Hausdorff and the quotient map is given by restricting n to X. 

We now can state some variants of Theorem 16 . 61 and Proposition 18.11 For a general holomorphic 
£/ c -space Z, let Comp G (Z) denote {z G Z; for all w G G ■ z the isotropy group G w is compact}. 

Proposition 14.26. If Z' := Sc{M-ip) is open in Z , then Comp G (Z') is open in Z' and the natural 
map G x K (M.ip fl Comp G (Z')) — > Comp G (Z') zs a homeomorphism. In particular, the G-action 
on Comp G (Z') is proper. 

Proof. Let C denote Comp G (Z'). It follows from the slice theorem that C is open in Z' and that 
every G-orbit in G is closed. Hence G x K (Aii V fl G) — > G is one to one and onto. We have a 
homeomorphism (A4j P fl C)/K — > CffG. Let n: C — > G/G denote the quotient mapping. Suppose 
that [g n , E G x K (A4j P fl G) such that g> n • z n converges in G. Then 7r(,2 n ) is convergent, so we 
can assume that z„->z£ A4« p fl G. If S 1 is a slice at z, then the action GxG-S'^G-5'is proper. 
Hence we can assume that g n — > g G G. Thus G x K (A4j P fl G) — > G is a homeomorphism. □ 

Remark 14.27. Suppose that the analytic Hilbert quotient Z//U c exists and let G • z be a closed 
orbit. Then we may assume that Z = 5 (7 c(A'l) (see Remark ll(J.5|) . so that G • z intersects -Mj P . 
Hence there is a slice at z. 

^From Remark |10.5I and Theorem 114.231 we obtain 

Proposition 14.28. If the analytic Hilbert quotient Z — > Z//U exists, then Comp G (Z) is open in 
Z and the natural map G x K (A4j P nComp G (Z)) — > Comp G (Z) is a homeomorphism. In particular, 
the G-action on Comp G (Z) is proper. 

Here is a criterion for an equivariant map to be a homeomorphism. 

Proposition 14.29. Let X be a Hausdorff topological G-space such that the topological Hilbert 
quotient it: X — > X//G exists and such that X//G parametrizes the closed G-orbits. Assume that 
Z = 5 G (A4j P (Z)) and that we have a continuous mapping ip: X — > Z and the following properties. 
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(1) ip is a local homeomorphism. 

(2) ip is G-equivariant. 

(3) (p//G is a bijection. 

(4) There is a K -orbit K ■ x which is mapped isomorphically onto K ■ z C Ai ip (Z). 

(5) X//G is connected. 
Then if is a homeomorphism. 

Proof. Let G ■ z be a closed orbit in Z. By Corollary 114.161 we may assume that z G M. ip {Z\ 
Since (p is a local homeomorphism, the fiber ip~ l (z) is discrete and consequently each G-orbit in 
<£> _1 (G ■ z) = G x Gz is open in <£> _1 (G ■ 2). Thus each G-orbit in (/? _1 (G ■ z) is closed in 

</? -1 (G • z) and also closed in X. But y?/G is a bijection, so it follows that G ■ x — ip~ 1 (G ■ z) for 
some x G (/? _1 (2:) and then we claim that ip~ x [K-z) = K-x. For suppose that <p(k-exp(£)-x) = k'-z 
where k, k! G K and £ G p. Then exp(£) • z G K • z which implies that £z vanishes at z. Since 
(ip\G ■ x): G ■ x — > G • 2 is automatically smooth and is a local diffeomorphism, it follows that £x 
vanishes at x, and we have the claim. Note that since <p//G is a bijection, the closed G-orbits in X 
are precisely the inverse images of the closed G-orbits in Z. 

We now show that <p//G is a homeomorphism. Let x G X such that G • x is closed, let be 
a neighborhood of G • x in X//G and set W := 7r x \V). Since <p is open and G • <£>(x) is closed, 
itz((p{W)) contains a neighborhood of G ■ <^(x) ( Remark II 1.22|) . Hence <£>/G is open at G • x and 
<£>//G is a homeomorphism. 

Now let M.ip(X)' denote the inverse image of A4 ip (Z) in X. Then M. ip [X)' — > M. ip [Z) is an 
open mapping, hence so is the composition M. ip (X)' — > -Z/G and the quotient mapping A^j P (X)' — > 
X//G. It follows that the inclusion A4i P (X)' — > X induces a homeomorphism A4ip(X)' / K ^ X//G. 
Then yj|A^jp(X)' is proper and a local homeomorphism, hence a covering map. Now (3), (4) and 
(5) imply that the covering has one sheet, i.e., (p\A4i P (X)' is a homeomorphism onto Aii P (Z). Let 
x G M.i P (X)' . Since (p\(K ■ x) : K ■ x —>■ K ■ <p(x) is an isomorphism, Lemma fl4.3l shows that y> is a 
homeomorphism on a G-neighborhood of G ■ x. Since <p//G is a homeomorphism, it follows that <£> 
is a homeomorphism. □ 

Remark 14.30. Via the homeomorphism (p we can impose a complex G-space structure on X such 
that ip is biholomorphic. 

15. The Hilbert Mumford Criterion 

Let G be a compatible subgroup of U c and choose a closed subgroup A C expp such that 
G = KAK. Let X be a G-space such that the topological Hilbert quotient tt: X — > X/A exists 
and is regular. That is, X//A is Hausdorff and if £ is a point of X/A and G is a closed subset not 
containing £, then there are disjoint neighborhoods of £ and G. We also assume that tc parametrizes 
the closed A-orbits and maps closed A-stable subsets to closed subsets of X//A. 

We use an argument of Richardson to establish the main part of the Hilbert Mumford criterion. 

Proposition 15.1. Let X be as above and let Y be a closed G-stable subset of X. Then 

S G (Y) = K-S A (Y). 

Proof. Since S G (Y) is X-stable and S A (Y) C S G {Y), we have K ■ S A (Y) C S G (Y). Now let 
z G Sg(Y). If 7i(K ■ z) fl 7r(Y) = 0, then it follows from regularity of X//A that there are open 
7r-saturated disjoint neighborhoods f2 2 of Y and Vti of K ■ z. Let Q[ be a K-stable neighborhood 
of K ■ z in Qi and define Q' 2 similarly. Then G • Q[ fl G • flj = 0, so that z G" «Sg(Y), which is a 
contradiction. Thus there is a k G if such that A • • 2 fl Y 7^ 0, i.e., z & K ■ S A (Y). □ 
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Let A be a commutative connected simply connected real Lie group with Lie algebra o. Then 
the exponential map gives an isomorphism of a with A. We consider here only finite dimensional 
continuous (hence real analytic) representations of A. We say that a real A-module W is completely 
l-reducible if it is completely reducible with each irreducible component being of dimension 1. Then 
every isotropy group of W is connected (and therefore simply connected) and for every x G W, the 
A x -module W is completely l-reducible. 

Remark 15.2. Let W be a real A-module. If W is completely l-reducible, then one can choose an 
isomorphism W ~ R™ such that the image A' of A in GL(n, R) consists of real positive diagonal 
matrices. Then A' C expiu(n, C) is a compatible subgroup of GL(n, C) with its usual Cartan 
decomposition. Conversely, given an isomorphism W ~ 1R™ such that the image of A in GL(n, C) 
is compatible and lies in expiu(n, C), then the image consists of symmetric real matrices, so that 
W is completely l-reducible. 

Example 15.3. Let W be completely l-reducible with isotypic decomposition W = W Xo © • • • © W Xr 
where xo is the trivial character. Then W Xo = W A . We may assume that W is a real subspace of 
a holomorphic [^-representation such that the [/-representation is unitary with respect to some 
Hermitian inner product ( , ) with associated norm || ||. We may assume that A C exp(m). Let /ii a 
denote the restriction to W of the ia-component of the moment map associated with the strictly 
plurisubharmonic [/-invariant exhaustion function p :— ||| || 2 . A simple calculation shows that 

^( z ) = i(£z,z) £eu,zeW. 

For z = z + \- z r <E W xo © • • • © W Xr we obtain 

Hia(z) = idl^fxi H \- \\z r \\ 2 Xr)- 

Hence 

C := Hia(W) = {1(01X1 H h CL r Xr); ttj > 0} 

is a closed convex additive cone in ia*. 

Let 2) (A) denote the set of one-parameter subgroups r: R — > A. In the following we identify 
2) (A) with the set Hom(M, a) of R linear maps from R into a. 

Lemma 15.4. Let W be a completely l-reducible A-module. Then 

Sa({0})= U S t(k) ({0}). 

Proof. We have to show that Sa({0}) C U r e2)(A) «5t(r)({0}). Let z G Sa(0) and replace W by the 
smallest A-submodule which contains z. We have the isotypic decomposition W = Q)W Xj where 
the Xj '■ ~^ R> J ' = 1) • • • 5 r i are linear functions determining the weight spaces W Xj := {w G 
W; exp^ • w = exp(xj(0) w f° r a ^ £ e a }- Since W is spanned by A ■ z, no Xj is identically zero, 
and we have hyperplanes Hj := {£ G a; Xj(0 — 0}- 

Choose a connected component a + of a \ (U^ =1 if,-) such that Xi > on a + . For a weight Xj we 
write Xj > if Xj\ a+ > 0, and we write Xj < if — Xj > 0. We have a decomposition W = W~Q)W + 
where W~ = ® Xj <oW Xj and W + = (B Xj >oW Xj . We claim that W~ = {0}. If this is not the case, 
then C fl — C ^ {0} where C is the cone generated by the Xj- Consequently, there is a nonzero 
element c in the intersection, and we can write 

c = 2 W = - 2 *j*j> s i' *j G M+ - 
i i 
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For w = Wi + ■ • • + w r G W Xl + • • • + W Xr set f(w) := Hj\\wj\\ Sj+ j . Then / is A-invariant and 
continuous with f(z) ^ and /(0) = 0. This contradicts the fact that G A ■ z. Thus W = W + 
and for every £ G a + we have lirn t _ > _ 0O exp(t£) • z — 0. Hence z G UregCA) ^Mk)00- ^ 

Corollary 15.5. T7ie saturation £^({0}) zs a finite union of linear subspaces ofW. 

Now let Z be a holomorphic [7 c -space with [/-invariant Kahler structure and moment map 
ft: Z — > u*. Let G? be a closed compatible subgroup of £7 C and X a G-stable closed subset of Z. 

Theorem 15.6. Let a C p be a maximal commutative subalgebra and A = exp(o) the corresponding 
subgroup ofG. Assume that the quotient it: X — > X/A exists and is regular, that X// A parametrizes 
the closed A-orbits and that 7r maps closed A-stable sets to closed sets. Let z G X and let Y C G ■ z 
be closed and G-stable. Then there isak&K,y&Y and a one parameter subgroup r : R — > y4 y 
snc/i i/iat lim^_ oc r(t)fc ■ z = y. 



Proof. By Proposition 115. ll we have a, k & K and a y G K such that Afc • z n G ■ y ^ 0. We may 
assume that the intersection contains y. Then we may replace U c by the Zariski closure of A in 
U c , i.e., we may assume that U c is commutative. It follows that we may change \x by a constant 
such that y E Ai. Hence there is an open [7 c -stable neighborhood Zq of 7/ such that the analytic 
Hilbert quotient n: Zq — > Zq//U c exists and such that U c ■ y is closed in Zq. Then A • y is closed 
in [/ c • y and hence in Zq. We have an A-slice at y for the A-action on Zq, hence for the A-action 
on X. Thus we may assume that X = A x Ay S where S is a closed A y -stable subset of an open 
v4 y -saturated subset of T y Z relative to the quotient T y Z — > T y Z//A y . Since A y C expi(u y ) c is 
a compatible subgroup of (U y ) c , the representation on T 2 Z is completely 1-reducible, and using 
Lemma fl5 .41 we find the desired one-parameter subgroup r: R — > y4 y . □ 

Corollary 15.7. Assume that the analytic Hilbert quotient Z//U c exists. Let z £ Z and let Y C 
G ■ z be closed and G-stable. Then there isakaK,y&Y and a one parameter subgroup 
t: R — > v4 y swc/i i/iai lim^-oo r(t)/c ■ z = y. 

Proof. By the results in section^] we may assume that Z = (S ( 7c(A / t). Then the quotient 7r: Z — > 
Z/A exists and has the desired properties. Now apply Theorem 115.61 □ 
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